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Abstract
A transonic airfoil designed by means of classical point-optimization may result in its dramatically inferior performance under
off-design conditions. To overcome this shortcoming, robust design is proposed to find out the optimal profile of an airfoil to maintain its 
performance in an uncertain environment. The robust airfoil optimization is aimed to minimize mean values and variances of drag coef-
ficients while satisfying the lift and thickness constraints over a range of Mach numbers. A multi-objective estimation of distribution
algorithm is applied to the robust airfoil optimization on the base of the RAE2822 benchmark airfoil. The shape of the airfoil is obtained 
through superposing ten Hick-Henne shape functions upon the benchmark airfoil. A set of design points is selected according to a uni-
form design table for aerodynamic evaluation. A Kriging model of drag coefficient is constructed with those points to reduce computing
costs. Over the Mach range from 0.7 to 0.8, the airfoil generated by the robust optimization has a configuration characterized by super-
critical airfoil with low drag coefficients. The small fluctuation in its drag coefficients means that the performance of the robust airfoil is 
insensitive to variation of Mach number. 
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1 Introduction*
The traditional single-point optimization of 
airfoil is performed on the base of given, or as-
sumed, model parameters. However, degradation, 
even severe degradation, in the airfoil performances 
may occur under off-design conditions. To over-
come the shortcoming, Derla presented a multi- 
point optimization method for airfoil design[1],
which was aimed to alleviate the deterioration in 
airfoil performances to some extent. The use of the 
multi-point optimization approach, however, de-
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pends upon the number and the spacing of multiple 
design points and the weight of each point. Unfor-
tunately, there is no appropriate approach for selec-
tion of weights and design points so far[2-3]. In fact, 
it is difficult for multi-point optimization method to 
complete an airfoil design without degradation un-
der off-design conditions[3-5]. In this study, robust 
airfoil optimization is introduced to minimize the 
drags and makes the fluctuation in drags as small as 
possible within a given range of Mach numbers. The 
uncertainty of Mach numbers makes the drags pos-
sess random characteristics which causes the need 
for minimizing the mean values and the variances of 
the drags. Simultaneous minimization of the mean 
values and the variances poses a bi-objective opti-
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mization problem.  
As a kind of population-based intelligent opti-
mization algorithm, the estimation of distribution 
algorithm (EDA) can capture the underlying struc-
true of the problem to be optimized[6-7] by extracting 
information from the promising solutions in the 
population on each generation. The selected prom-
ising solutions are used to build a probabilistic 
model, which is sampled to generate good off- 
spring. The way to generate offspring like this is an 
explicit processing of building blocks, which is dif-
ferent from the implicit processing in standard evo-
lutionary algorithms (EAs). Therefore, EDA is able 
to avoid the disruption of building blocks[8] and to 
solve non-linear or even deceptive problems with a 
considerable degree of epitasis[6,9]. Furthermore, the 
prior information about the problem can be incor-
porated into this probabilistic model to guide and 
accelerate the optimization process.  
The real-coded multi-objective Bayesian opti-
mization algorithm (RCMBOA) proposed by the 
authors in Ref.[10] is applied to the robust airfoil 
optimization. As a multi-objective estimation of 
distribution algorithm (MEDA), RCMBOA uses 
Bayesian network to encode conditional dependen-
cies among variables. As an effective and robust 
multi-objective optimization algorithm, RCMBOA 
can be used to obtain well spread non-dominated 
solution set close to the true Pareto front of a pro- 
blem. 
2 Robust Design of Airfoil 
2.1 Geometric representation of an airfoil 
In this paper an airfoil shape is formed through 
superimposition of ten Hick-Henne shape functions 
upon a benchmark airfoil (RAE2822) with fixed 
leading and trailing edges. Thus, the shape of the 
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where, yub and ylb are coordinates on top and bottom 
surfaces of the benchmark airfoil RAE2822 respec-
tively. fk (x) is a shape function, Gk the coefficient of 
shape function, and m the number of design vari-
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where e(k) = ln 0.5/ln xk, xk = [0.2, 0.4, 0.6, 0.8, 0.2, 
0.4, 0.6, 0.8], k = 2, ···, 5, 7, ···, 10. xk’s are the loca-
tions of maximum height of the corresponding 
shape functions. 
The shape of the airfoil can be modified by 
changing the values of Gk’s in Eq.(1). Therefore, 
those are chosen as design variables in this study. 
The upper and lower limits of the ten variables are: 
G1ę[–0.006, 0.006], G2ę[–0.01, 0.006], G3ę
[–0.006, 0.008], G4ę[–0.005, 0.005], G5ę[–0.005,
0.01], G6ę[–0.008, 0.006], G7ę[–0.01, 0.01], G8ę
[–0.005, 0.01], G9ę[–0.005, 0.005], G10ę[–0.005,
0.015].
2.2 Aerodynamic evaluation and approximate 
model
The aerodynamic evaluation is based on 
Spalart-Allmaras turbulent model. N-S equations 
are solved using implicit coupled scheme. A C-type 
grid in the size of 280×70 is used. 
Given a fixed airfoil shape and a fixed Mach 
number, the lift is almost a linear function of the 
angle of attack. Therefore, the search method based 
on a linear interpolation is used to find out an attack 
angle at which the corresponding lift is equal to the 
target value *lc , i.e., 
*( , , )l lc X Ma cD  . At this at-
tack angle, the drag is then obtained. The aerody-
namic evaluation process can be summarized as 
follows. Choose an error tolerance H> 0 and an ini-
tial adjustment rate 0 < k < 1. Let D0 be an initial 
attack angle for a given airfoil shape and Mach 
number. An appropriate angle of attack D, at  
which *( , , )l lc X Ma cD H  is satisfied, is ob-
tained through an iterative process. See Refs.[4-5] 
for details.  
A direct application of CFD software (“Fluent” 
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is used in this paper) in the optimization process 
will render the computation time-consuming and 
expensive, so an approximate aerodynamic evalua-
tion approach based on the Kriging model[11-12] is 
adopted in practices. In order to construct the 
Kriging model, according to the uniform design 
table U165(1111)[13] is selected a set of 165 design 
points, on which the aerodynamic forces are evalu-
ated with CFD software. With these design points 
and the aerodynamic forces, a Kriging model is built 
to approximate the relationships between the drag 
coefficients and the design variables. The reason for 
choosing a uniform table of 11 factors lies in that 
the Mach number along with other 10 airfoil ge-
ometry parameters are needed for the aerodynamic 
evaluation. After the approximate model is con-
structed, the multi-objective estimation of distribu-
tion algorithm can be applied to airfoil optimization.  
3 Multi-objective Estimation of Distribu-
   tion Algorithm 
The decision-tree-based probabilistic model is 
used to encode conditional dependencies among 
variables in this algorithm. To build the model, 
should be from the population adopted some prom-
ising solutions, which are selected based on the fit-
ness, a combination of the rank and crowding dis-
tance of each solution. To achieve the combination, 
there are two ways: compound and hierarchic. The 
former is to add the crowding distance to the rank, 
but because the rank and the crowding distance are 
two different traits of a solution, the addition will 
blur the concepts and lead to inaccurate result. In 
the latter way, the comparison is performed first on 
the base of the rank, and if it results in a tie, then the 
crowding distance is required to break the tie. Fi-
nally, the one with a greater crowding distance wins. 
The hierarchic way is used in this paper. 
Along with non-dominated sorting and crowd-
ing distance estimation, truncated selection is per-
formed based on the fitness. After a proper number 
of solutions is selected, these solutions are used to 
construct a probabilistic model in which a decision 
tree is set up for each variable. Offspring are sam-
pled from these models. In addition, polynomial 
mutation is conducted on the new solutions to en-
hance the exploratory capability of the algorithm. 
Mutation is helpful in avoiding premature conver-
gence due to the existence of local Pareto fronts in 
some optimization problems. The truncated selec-
tion together with polynomial mutation maintains 
the diversities of the populations. In order to over-
come the deficiency in adapting the variances of the 
search distribution, the variance adaptation mecha-
nism is used in MEDA. In solving multi-objective 
optimization problems with constraints, constrain- 
ed-dominance introduced by Deb[14] is adopted as a 
constraint-handling approach.   
3.1 Non-dominated sorting and truncated se- 
lection
The fast non-dominated sorting approach, 
crowding distance estimation and truncated selec-
tion are incorporated in MEDA to pick out the best 
solutions. Let rank 1 be assigned to solutions in the 
first front, rank 2 to those in the second front, and so 
on. The lower front a solution belongs to, the better 
it is. After identifying all the non-dominated solu-
tions (those in the first front) in the population, they 
are copied to the mating pool. And crowding dis-
tance of each solution in mating pool is estimated in 
objective space. Then the selection is fulfilled based 
on crowding distances of solutions. During the im-
plementation, there is a procedure to eliminate re-
dundant solutions one by one in truncated selection.    
In case of non-dominated solutions exceeding 
the population size, some solutions with the smaller 
values of crowding distance are removed. In this 
case, only the solution with the smallest value of the 
crowding distance is removed. This process contin-
ues until the number of remaining solutions is equal 
to the population size. Note that the crowding dis-
tance of some solutions should be reestimated every 
time a solution is eliminated. For simplicity, in the 
implementation, it is reestimated for all the remain-
ing solutions on this rank in the mating pool. 
If the non-dominated solutions are less than 
those required by the population size, it is necessary 
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to identify the dominated solutions in the second 
front, and to copy them into the mating pool. If they 
are still not enough, those in the following front (the 
third front) should be identified and added into the 
mating pool. This operation must be repeated until 
the solutions in the mating pool are no longer less 
than those required by the population size. The 
above-mentioned elimination procedure continues 
on the dominated solutions in the highest front until 
enough solutions are left behind in the mating pool.   
3.2 Variance adaptation  
If the kernel width V of Gaussian distributions 
decreases too early, new solutions will be very 
similar to its parent thus causing difficulty generat-
ing better solutions. To prevent variances from pre-
mature shrinking, an overall scaling factor, K, is 
used to exert adaptive control of the kernel width of 
the marginal distributions. For simplicity, the num-
ber of solutions being selected into the next genera-
tion is denoted by Nsucc, and the remaining number 
by Nfail. Based on experimental results from multi- 
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where t is the current generation, tmax the maximum 
generation, 0 05 0.3 /p . m   and m the number 
of design variables. Each new kernel width V is 
achieved by multiplying ( 1)tK  .
3.3 Procedure of MEDA 
The general optimization procedure of MEDA 
is described as follows: 
(1) To set population size Npop, the promising 
solutions size Npar, the offspring size Nsam, mutation 
probability Pm, the distribution index for mutation 
Km, the maximum iteration number tmax, and the ini-
tial population generated randomly P(0), and let t =
0.  
(2) To select Npar promising solutions from 
P(t) and form a set of S(t).  
(3) To construct the probabilistic model B
using scoring metric.  
(4) To sample Nsam solutions from the pro- 
babilistic model B, and the new solutions form O(t).
(5) To perform polynomial mutation on solu-
tions in O(t) with probability Pm.
(6) To create a new population P(t + 1) by 
selecting ( )P t  solutions from P(t) and O(t) using 
non-dominated sorting and truncated selection de-
scribed in Section 3.1, and to modify the variances 
according to Section 3.2, set t = t + 1.  
(7) If the termination criteria are not met, go 
back to (2).  
Note that if S(t) and P(t) have the same size, 
which means S(t) is just identical to P(t), skip the 
step (2). 
4 Flow Chart of Robust Airfoil Optimization 
The flow chart of robust airfoil optimization by 
means of MEDA is shown in Fig.1.  
Fig.1  Flow chart of robust airfoil optimization. 
5  Examples 
5.1 Example 1 
Taking RAE2822 as the benchmark airfoil, and 
assuming the free-stream Mach number ranges from 
0.7 to 0.8, a robust airfoil optimization is performed. 
Given lift-constrained drag minimization over a 
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range of Mach numbers, the robust optimization 
problem could be formulated as follows: 
 2min ,P V
s.t. * min max( , , )  over [ , ]l lc X Ma c Ma Ma MaD    (4) 
,min ,max 1, ,10i i ix x x id d  
Within a range of Mach numbers, mean values and 
variances of drag coefficient could be approximated 
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where min max[ , ] [0.7, 0.8]Ma Ma  , p(Ma) is a prob-
ability density function of Mach number. The dis-
tribution of Ma is supposed to be uniform, which 
means p(Ma)=10, Maę[0.7,0.8], and Mak is a 
Mach number randomly generated according to
p(Ma). Ns is the times of simulation, ˆ ( , )d kc X Ma
the prediction of drag coefficient by Kriging model,  
xi,max and xi,min are upper and lower limits of design 
variables respectively. The parameters of MEDA are: 
the population size is 100, number of promising 
solutions is 100, and 100 offspring are sampled per 
generation. The mutation rate is 0.1, distribution 
index for mutation is 20, and the maximum number 
of iterations is 200. Ns is 30 000. The obtained non- 
dominated solution set is shown in Fig.2.  
Fig.2  Non-dominated solutions from robust airfoil optimi-
zation without considering thickness constraints. 
5.2 Example 2 
On the basis of Example 1, three minimum 
thickness constraints at specific spar locations are 
imposed to meet structure and strength requirements. 
These spar locations are 0.15c, 0.6c and the maxi-
mum thickness location. Thus, the formulation of 
the problem becomes 
 2min ,P V
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where c is the chord length, t the relative thickness 
at given chord location, and *t  the corresponding 
quantity of RAE2822. The parameters of MEDA are 
the same as those in the Example 1. The obtained 
non-dominated set of solutions is shown in Fig.3. 
Fig.3  Non-dominated solutions from robust airfoil optimi-
zation with considering thickness constraints. 
5.3 Results and discussion 
Fig.2 shows a uniformly distributed non- 
dominated solution set from the robust airfoil opti-
mization without considering thickness constraints. 
Fig.3 shows the one with considering thickness 
constraints. Because no thickness constraint is con-
sidered in choosing experimental points according 
to uniform table U165(1111),  only 38 out of 165 
points meet the thickness requirements, which 
makes the experimental points as whole less repre-
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sentative and leads to a poorer approximate model. 
Thus a non-dominated solution set with poorer uni-
formity than that in Fig.2 is obtained.  
The mean value of the drag coefficient varies 
between 0.013 59 and 0.018 12, and the variance is 
in [2.65×10–5, 3.09×10–6] for the case without con-
sidering thickness constraints. As for the case with 
considering the thickness constraints, the mean val-
ues and variances are located in [0.018 08, 0.027 56] 
and [1.12×10–4, 6.24×10–5] respectively. It can be 
seen that the designs without considering thickness 
constraints have lower drag coefficients and smaller 
fluctuation in comparison with those with consider-
ing them. Take design D (P= 0.015 00, V2 = 9.60 × 
10–6) in Fig.2 and design D' (P = 0.021 43,V2 =
9.77 × 10–5) in Fig.3 to analyze their aerodynamic 
performances further. Fig.4 makes a comparison 
between the profiles of design D and RAE2822, and 
the Fig.5 between D' and RAE2822. In Fig.5, the 
vertical fine dotted lines indicate the locations of 
thickness constraints. 
From Fig.4 and Fig.5, it can be seen that the 
airfoil generated by robust optimization has a 
smooth bulgy upper surface. However, on the lower 
Fig.4  Airfoil without considering thickness constraints. 
Fig.5  Airfoil with considering thickness constraints. 
surface near the trailing edge exists a concave sur-
face with a camber obviously greater than that in the 
case of RAE2822. Both airfoils prove to be of su-
per-critical character. As shown in Fig.5, the thick-
nesses at the three specified locations in the design 
with help of the robust approach are almost the 
same as in RAE2822. The corresponding thickness 
constraint values are –5.68×10–5, –1.78×10–5 and 
–1.42×10–4 from left to right in Fig.5. 
Figs.6-7 describe the changes in drag coeffi-
cients of design D and D' with Mach number from 
0.7 to 0.8. It is obvious that given a lift coefficient, 
the drag coefficient fluctuations of the robust opti-
mized airfoil are much smaller than those of 
RAE2822, especially in the range of 0.70-0.78. 
From 0.78 to 0.80, the drag rises much sharply be-
cause a larger angle of attack is needed to ensure the 
given lift coefficient at a higher Mach number. 
However, the trend is still weaker than that of 
RAE2822. 
Fig.6  Airfoil performance without considering thickness 
constraints.
Fig.7  Airfoil performance with considering thickness con-
straints.
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6  Conclusions 
A multi-objective estimation of distribution 
algorithm is applied to robust airfoil optimization 
with and without considering thickness constraints 
using RAE2822 as a benchmark airfoil. The results 
indicate that the airfoils generated through robust 
optimization have low drag coefficients with small 
fluctuation within a given Mach number range. The 
designs without considering thickness constraints 
have lower drag coefficients with smaller fluctua-
tion than those with considering thickness con-
straints. By analyzing the obtained non-dominated 
solution set from the robust airfoil optimization with 
considering thickness constraints, it is expected that 
a better experimental design method should be de-
veloped to construct a more accurate approximate 
model in the future. 
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